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a b s t r a c t

The influence of the ion trap geometrical shape, ring and end-cap electrodes, on the dynamical behavior
of the confined ions is studied. At first by considering the geometrical parameter z0 = (1/

√
n)r0, where

n is a real number, in the quadrupole potential, we solve Mathieu’s differential equation for the first
stability region using the six-order Runge–Kutta method. The numerical results show that, for a given
ion trap mode i.e., rf only mode, the electrode geometry plays an important role both in higher ion mass
eywords:
on confinement
aul ion trap
on trap geometry
ractional mass resolution
ix-order Runge–Kutta method

confinement range and in a higher fractional mass resolution m/�m.
© 2011 Elsevier B.V. All rights reserved.
. Introduction

The quadrupole ion trap (QIT) is widely used in industries and
aboratories for its capability of confining of gaseous ions for a
eriod of time and as a mass filter of considerable mass range and
ariable mass resolution. This device consists of three electrodes;
wo of them are end-cap electrodes and the third is a ring electrode
hat has an internal hyperbolic surface. The ring electrode is located
ymmetrically between two end-cap electrodes as shown in Fig. 1.
ere r0 is the radius of the ring electrode in the central horizon-

al plane and 2z0 is the separation of the two end-cap electrodes
easured along the axis of the ion trap.
The QIT can confine ions for a period of time in the rf field

epending on the experimental conditions. To obtain the ideal
uadrupolar potential, the relationship between the dimensions r0
nd z0 is taken as r2

0 = 2z2
0 [1–3]. In this case the asymptotes bisect

he gaps between the ring electrode and the end-cap electrodes at
igh values of r and z.1

Any changes in r2
0 = 2z2

0 relation will affect the form of the

uadrupolar potential field. In this article, we have changed the
eometrical shape of QIT by entering the parameter z0 = (1/

√
n)r0

n the quadrupole field to survey the behavior of ion motion by

∗ Corresponding author. Tel.: +98 21 88221076.
E-mail address: iziaeian@aeoi.org.ir (I. Ziaeian).

1 R.D. Knight, personal communication, 2004.

387-3806/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.ijms.2011.03.004
solving the Mathieu differential equation. The results show that,
for the specified lab conditions, one can obtain a higher fractional
mass resolution.

2. Theory

2.1. Ion movement

The electrodes of the ion trap are truncated to obtain a practi-
cal working but this truncation introduces higher order multipole
component to the potential [4]:

ϕ(r, z) = C0
0 + C0

1 z + C0
2

(
1
2

r2 − z2
)

+ C0
3 z
(

3
2

r2 − z2
)

+ C0
4

(
3
8

r4 − 3r2z2 + z4
)

+ . . . (1)

The C0
n coefficients for n = 0, 1, 2, 3 and 4 correspond to

monopole, dipole, quadrupole, hexapole and octapole components,
respectively. For a quadrupole ion trap, only the coefficients corre-
sponding to n = 0 and n = 2 are non-zero. In this article, we have only

discussed the influence of the stretched ion trap on the behavior of
ions in a quadrupole 3D trap. For the stretched ion trap the asymp-
totes to the end-cap electrodes do not coincide with those for the
ring electrode.

dx.doi.org/10.1016/j.ijms.2011.03.004
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Fig. 1. A schematic view of a Paul trap.

The general equation of the potential within the stretched ion
rap (r2

0 /= 2z2
0) is defined as follows [2]:

(r, z) = �0(r2 − 2z2)

r2
0 + 2z2

0

+ 2�0z2
0

r2
0 + 2z2

0

(2)

When r2
0 = 2z2

0 is substituted into Eq. (2) we obtain the
uadrupole potential in the 3D ion trap:

(r, z) = ϕ0(r2 − 2z2)

2r2
0

+ ϕ0

2
(3)

By applying a combination of dc and a radio frequency (rf) ac
oltages to the end-cap and ring electrodes of the stretched ion
rap, namely U + V cos ˝t, Eq. (2) becomes:

(r, z) = (U + V cos ˝t)(r2 − 2z2)

r2
0 + 2z2

0

+ 2(U + V cos ˝t)z2
0

r2
0 + 2z2

0

(4)

here V stands for zero to peak voltage, V0–p, ˝ = 2�f denotes the
ngular frequency of the ac voltage, and f is the frequency in Hz. The
lectric field components of the stretched QIT, z and r, are expressed
s:

z = −
(

d�

dz

)
r

= 4(U + V cos ˝t)z

r2
0 + 2z2

0

(5)

r = −
(

d�

dr

)
z

= −2(U + V cos ˝t)r

r2
0 + 2z2

0

(6)

The set of differential equations governing the motion of an ion
ith mass m and charge e, in QIT can be written [4,5]:

d2z

d�2
+ (az − 2qz cos 2�)z = 0 (7)

d2r

d�2
+ (ar − 2qr cos 2�)r = 0 (8)

For the stretching of the ion trap, the trapping parameters are
alculated using the actual values of z0 and r0 as follows [2,4]:

z = −2ar = − 16eU

m(r2
0 + 2z2

0)˝2
(9)

z = −2qr = 8 eV

m(r2
0 + 2z2

0)˝2
(10)

= ˝t
(11)
2

The relationship between the parameters r0 and z0 is not con-
idered in these formula. Historically we see that the relationship
2
0 = 2z2

0 has been selected to form the ideal quadrupolar potential.
ass Spectrometry 304 (2011) 25–28

2.2. Expression of fractional resolution

The resolution of a Paul ion trap mass spectrometer is a function
of the mechanical accuracy such as alterations in radius of the ring
electrode in the central horizontal plane �r0, and in our case a new
parameter �z0 that is the change of closest distance from center of
the QIT to the end-cap electrodes and the stability performance of
the electronics devices such as variations in voltage amplitude �V
and the rf frequency �˝ [6].

To obtain a formula for the fractional resolution, we recall the
stability parameter q:

q = 8 eV

m(r2
0 + 2z2

0)˝2
(12)

By taking the partial derivative with respect to variables of the
stability parameter q, we pick up a formula for the fractional reso-
lution m/�m, as follows:

�m =
(

8e

q(r2
0 + 2z2

0)˝2

)
|�V | +

(
16 eV

q(r2
0 + 2z2

0)˝3

)
|�˝|

+
(

16r0 eV

q(r2
0 + 2z2

0)
2
˝2

)
|�r0| +

(
32z0 eV

q(r2
0 + 2z2

0)
2
˝2

)
|�z0|

+
(

16r◦eV

q
(

r2◦ + 2z2◦
)2

˝2

)∣∣�r◦
∣∣+
(

32z◦eV

q
(

r2◦ + 2z2◦
)2

˝2

)∣∣�z◦
∣∣

(13)

Division of Eqs. (12) and (13) gives the final equation for the
fractional resolution:

m

�m
=
{∣∣∣�V

V

∣∣∣+ 2

∣∣∣∣�˝

˝

∣∣∣∣+ 2r2
0

r2
0 + 2z2

0

∣∣∣�r0

r0

∣∣∣+ 4z0

r2
0 + 2z2

0

∣∣�z0

∣∣}−1

(14)

Eq. (14) shows that, if two traps have the same time variation in
amplitude and frequency but different geometry in the radial and
axial dimension, we will have different fractional mass resolution.

3. Results and discussion

3.1. Ion trajectory

By entering the z0 = (1/
√

n)r0 parameter in Eq. (2) and solv-
ing the Mathieu differential equation, we study behavior of 20Ne+.
Figs. 2–4 depict the ion trajectories for a typical geometrical condi-
tions n = 1.5, 2 and 3, respectively, with r0 = 10 mm, f = 1 MHz, U = 0,
V = 100 V and � = 100. These figures show that the ion trajectory is
more restricted in the r and z directions when we put the lowest
value of n in z0 = 1/

√
nr0.

3.2. Stability diagram in U–V plane

With solving simultaneously by Eqs. (7) and (8), the stability
diagrams are obtained in the a–q plane. The first stability region for
the stretched quadrupole ion trap in a–q plane was computed using
the six-order Runge–Kutta method. Fig. 5 shows the first stability
region in a–q plane for different geometrical conditions, when n in

z0 = 1/

√
nr0 parameter is 1.5 and 3. The corresponding results for

an ideal quadrupole ion trap for n = 2 are also included in Fig. 5 in
order to compare them at a glance. As a conclusion, one can see
that the first stability region in a–q plane by increasing the size of n
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Fig. 2. The trajectory of a 20Ne+ when the relation between r0 and z0 is r0 =
√

1.5z0

for f = 1 MHz, U = 0, V = 100 V, r0 = 10 mm and � = 100.
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s significantly stretched as compared with ideal quadrupole case
n = 2), whereas by decreasing the size of n, the first stability region

n the a–q plane is reduced as compared with an ideal QIT.

By entering z0 = (1/
√

n)r0 parameter in Eqs. (9) and (10), and
olving the Mathieu’s differential equation according to U and V
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Fig. 6. The first stability diagram in the U–V plane for 20Ne+ for r0 = 10 mm and
f = 650 KHz with n = 1.5, 2 and 3, respectively.

parameters, we can obtain the first stability diagram for an specified
ion in the U–V plane, using the six order Runge–Kutta method. Also,
one can get more information to separate ions from this diagram.

Based on the first stability diagram in the U–V plane, one can
adjust the conditions of the system such as direct and alternating
voltage to select a specific ion. Fig. 6 shows the stability diagram in
U–V plane with r0 = 10 mm and f = 650 KHz for 20Ne+ with n = 1.5, 2
and 3, respectively. Comparing Figs. 5 and 6 with each other, one
can see that, when n increases, the first stability region in a–q plane
is larger; in contrast the first stability region in U–V plane is smaller.
This means that, smaller traps have higher a and q values for a given
voltage.

Fig. 7 presents the evolution of the fractional mass resolution
according to n and the following conditions: As in Refs. [7,8] the
inner radius of the hyperboloid ring is r0 = 10 mm, the geometrical
uncertainties �r0 = 3 × 10−3 mm with �r0/r0 = 3 × 10−4, the rf fre-
quency uncertainties �˝/˝ = 10−7 and the voltage uncertainties
�V/V = 10−4. We have taken arbitrary different uncertainties values
for parameter �Z0 from 10−3 to 10−4 mm. The dotted line is plot-√

ted for n = 2 where the relationship between r0 and z0 is z0 = r0/ 2
in ideal QIT. From Fig. 7, it can be seen that the mass resolution
for lower n is higher than n = 2 for a special �Z0. It is noteworthy
that for the large changes in n (n up to 10) the field will be highly
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3.3. Confined highest mass ions

The highest confined mass (m/z) in QIT depends on the trap’s
dimension, rf frequency and amplitude of rf voltage. If the trap’s
dimension and rf frequency remains constant, the relation depends
on the maximum of the voltage amplitude and the highest value
of the qz parameter, that is qz = 0.908. For the charge state z = 1, the
maximum of the trapped ion mass according to Eq. (10) is calculated
as follows:

mmax = 8 eV

0.908(r2
0 + 2z2

0)˝2
(15)

When entering z0 = (1/
√

n)r0 in to Eq. (15) and using r0 = 10 mm,
V = 200 V and f = 650 KHz, Fig. 8 is obtained, indicating the variation
of the n as a function of highest confined ion mass. Fig. 8 shows that
the highest mass that can be confined for a given voltage increases
with n because increasing the amount of n will reduce the size of
z0 and therefore will increase the q values for a given voltage and
hence can confine higher masses. So, by keeping a constant exper-
imental condition, hence one can confine the highest masses, only
by changing the trap geometrical size.

4. Conclusion

In this article we worked on the stretched Paul trap and achieved
significant results. The dynamical behavior of ions in the trap, the
stability diagrams and the fractional mass resolution will change
due to changes in the trap geometry. Since the size of r0 is con-
stant, reducing the size of n in z0 = (1/

√
n)r0 parameter, leads to an

increase of the distance between end-cap to center of trap, com-
pared to ideal Paul trap (r2

0 = 2z2
0), we obtain the following results.

The ion trajectory is more restricted in the r and z directions,
the first stability region in a–q plane is compacted, the first stability
diagram in U–V plane for a typical ion is enlarged and the fractional
mass resolution is higher. These may improve the performance of
mass measurements in ion traps.
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